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1. INTRODUCTION
It is well known that, in massless Bose quantum field theories, one
encounters the so-called ‘‘infrared catastrophe,’’ a situation where the total
energy of bosons emitted at low frequency is finite, but the number of such
bosons (‘‘soft bosons’’) blows up (e.g., [31, Chap. 4, Sect. 4-1-2], cf. also
[16]). Conventionally or heuristically the infrared catastrophe may be
interpreted as an indication of absence of ground states (or other eigenvec-
tors) of the model under consideration in the Hilbert space of state vectors
where the ‘‘bare’’ boson number operator is defined. An elementary method
to avoid the infrared catastrophe is to introduce an infrared cutoff for
boson momenta so that the bosons with small momenta (frequencies) do
not interact or to make bosons massive. In such a case the existence of
ground states with finite numbers of bosons is shown for some models (but
with ultraviolet cutoff ) (e.g., [1, 4, 13, 14, 2022, 2527, 29, 30, 32, 35, 37,
38, 40]).
Mathematically rigorous analysis on the infrared problem, a number of
problems related to the infrared catastrophe, was initiated by Fro hlich
[20, 21]. He showed that the conventional picture mentioned above is true
for dressed one electron states in a model of a scalar electron coupled to
a massless scalar quantum field and discussed a C* algebraic method
(a GNS construction) to construct a dressed one electron state without
infrared cutoff in a Hilbert space different from the original one where the
model with infrared cutoff is defined [20]. For the absence of ground states
of other models without infrared cutoff, see, e.g., [4], the PauliFierz
Hamiltonian of nonrelativistic quantum electrodynamics with the dipole
approximation and with a fixed electron momentum; [17, 19, 36, 38]; the
standard spin-boson model; [11, Sect. 7.5], the massless van Hove model.
We remark, however, that, for some classes of models with ultraviolet
cutoff, each Hamiltonian may have a ground state even in the case without
infrared cutoff, see, e.g., [2, 3, 5, 810, 39]. This suggests that there exists
some subtlety on the absence of ground states in the case without infrared
cutoff and that there are some classes of massless quantum field models
with ultraviolet cutoff which behave differently in the case without infrared
cutoff. It is interesting to classify massless quantum field models from this
viewpoint. We will discuss this aspect in a separate paper.
In this paper we focus our attention on the absence of ground states or
other eigenvectors of massless quantum field models without infrared cutoff
(but with ultraviolet cutoff ) and investigate operator theoretical structures
underlying it. We take, as an important class of quantum field models, the
generalized spin-boson (GSB) model introduced in [13] and analyze, by
operator theoretical methods, mathematical structures of absence of ground
states and the other eigenvectors of this model. As mentioned in [13], the
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GSB model is an abstract form of various models of quantum particles (or
fields) interacting with a Bose field. We consider the case where the Bose
field is massless and the interaction has no infrared cutoff (but with
ultraviolet cutoff ) (for the precise meaning of this, see the end of Section 2).
We establish theorems on the absence of ground states and other eigenvec-
tors of the GSB model with conditions in terms of correlation functions for
some operators. We also discuss implications of these general results to
concrete models including the standard spin-boson model.
Our method mainly consists of two steps: We first show that the
asymptotic annihilation operators of the model exist and that every eigen-
vector of the Hamiltonian is in the kernels of them (Section 4). This can be
done in a standard way (e.g., [28, 32]). Then we utilize these facts to
analyze detailed properties of the eigenvectors of the Hamiltonian. In
particular, we derive an explicit relation each ground state satisfies
(Lemma 5.1). To our best knowledge, the second step of the method is new.
This paper is organized as follows: After briefly reviewing the GSB
model in Section 2, we state in Section 3 the main results of this paper.
Section 3 is devoted to proof of the existence of the asymptotic annihilation
operators and basic properties of them, which constitutes part of the scat-
tering theory for the model. In Section 5 (resp. Section 6) we prove the
main theorems on the absence of ground states (resp. other eigenvectors),
analyzing properties of ground states (resp. other eigenvectors) by the
method mentioned above. In the last section, we discuss concrete models
without infrared cutoff in view of the theorems established in the preceding
sections.
2. A BRIEF REVIEW OF THE GSB MODEL
Let H be a complex Hilbert space and Fb the Boson Fock space over
L2(R&),
Fb := 

n=0
}
n
s
L2(R&), (2.1)
where }ns L
2(R&) denotes the n-fold symmetric tensor product of L2(R&),
&1, with }0s L
2(R&) :=C. The Hilbert space of the quantum field model
we consider is
F :=HFb .
Let |: R&  [0, ) be Borel measurable such that 0<|(k)< for almost
everywhere (a.e.) k # R& with respect to the &-dimensional Lebesgue
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measure and |^ be the multiplication operator by the function |, acting in
L2(R&). We denote by d1(|^) the second quantization of |^ [34, Sect. X.7].
Let A be a self-adjoint operator on H bounded from below and +>0 a
constant. Then the unperturbed Hamiltonian of the model is defined by
H0 :=
+
2
AI+Id1(|^) (2.2)
with domain D(H0)=D(AI ) & D(Id1(|^)), where I denotes identity
operator and D(T ) the domain of an operator T. The operator H0 is self-
adjoint and bounded from below.
We denote by a( f ), f # L2(R&), the smeared annihilation operators on
Fb[a( f ) is antilinear in f ] [34, Sect. X.7] and set
,( f ) :=
1
- 2
[a( f )*+a( f )].
Let *j # L2(R&), j=1, ..., J with J # N, Bj a symmetric operator on H,
: # R"[0] a constant and
HI :=: :
J
j=1
Bj,(*j). (2.3)
Then the total Hamiltonian H of the model is defined by
H :=H0+HI (2.4)
acting in F.
The inner product (resp. norm) of a Hilbert space K is denoted ( } , } )K ,
complex linear in the second variable (resp. & }&K ). For each s # R, we
define a Hilbert space
Ms=[ f : R&  C, Borel measurable | |s2f # L2(R&)]
with inner product ( f, g)s=(|s2f, |s2g)L2(R&) and norm
& f &s :=&|s2f &L2(R&) , f # Ms .
For a linear operator T, we denote its spectrum by _(T ).
We shall assume the following (A.1) and (A.2):
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(A.1) *j # M&1 & M0 , j=1, ..., J.
(A.2) Let A :=+[A&inf _(A)]2. Then D(A 12)/D(Bj), j=1, ..., J,
and there exist constants aj0, bj0, j=1, ..., J, such that, for all u #
D(A 12),
&Bju&Haj &A 12u&H+bj &u&H , j=1, ..., J,
|:| \ :
J
j=1
aj &*j&&1+<1.
Under these assumptions, H is self-adjoint on D(H )=D(H0) and bounded
from below [13, Proposition 1.1].
We set
E0(H ) :=inf _(H ), (2.5)
the ground state energy of H, and
H :=H&E0(H )0.
A non-zero vector in ker H (if it exists) is called a ground state of H.
Let
mb :=ess.infk # R& |(k)0. (2.6)
We say that the bosons of the quantum field under consideration are
massless if mb=0.
We denote by N the number operator on Fb : N=d1(I ) [34, Sect. X.7].
As for the existence of a ground state of H and the spectrum of H, the
following theorem has been established.
Theorem 2.1. Assume (A.1) and (A.2). Suppose that | is continuous on
R& with
lim
|k|  
|(k)=
and there exist constants #>0 and C>0 with
||(k)&|(k)|C |k&k$| # (1+|(k)+|(k$)), k, k$ # R&.
Moreover suppose that each *j is continuous on R&,
*j
|
# L2(R&), j=1, ..., J, (2.7)
and A has compact resolvent. Then:
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(i) There exists a constant :0>0 such that, for all |:|<:0 , H has a
ground state in D(IN12).
(ii) If mb>0, then, for all |:|<:0 , H has purely discrete spectrum
in [E0(H ), E0(H )+mb) and _ess(H )=[E0(H )+mb , ), where _ess(H )
denotes the essential spectrum of H.
(iii) If mb=0, then, for all |:|<:0 ,
_(H )=_ess(H )=[E0(H), ). (2.8)
Remark 2.1. Part (i) of this theorem is [13, Theorem 1.3]. Parts (ii)
and (iii) are proven in [12]. If mb>0, then (2.7) is automatically satisfied.
Hence (2.7) becomes meaningful only in the case where the bosons are
massless.
Remark 2.2. An explicit expression of E0(H ) for the standard spin-
boson model (see Subsection 7.1) is obtained in [24].
In this paper we consider the case where *j |  L2(R&) and B j{0 for
some j, but (A.1) is satisfied. In this case we say that the interaction HI has
no infrared cutoff. Note that this case implies mb=0, namely, we are in the
case where the bosons are massless. The aim below is to discuss the
absence of ground states and other eigenvectors of H in the case where HI
has no infrared cutoff.
Remark 2.3. Assume (A.1) and (A.2). Consider the case HI has no
infrared cutoff. In this case too, we can show that (2.8) continues to hold.
Moreover, it can be proven that the asymptotic behavior of E0(H ) as
|:|   is given by the same formula as in the case where the assumption of
Theorem 2.1 holds with some additional conditions; see Eq. (1.42) in [13].
3. MAIN RESULTS
3.1. Absence of Ground States
To formulate additional assumptions, we define, for each n=1, ..., &,
a subset Yn/R& by
Yn :=[k=(k1 , ..., k&) # R& | kn=0] (3.1)
and set
Y := .
&
n=1
Yn . (3.2)
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We assume also the following (A.3) and (A.4):
(A.3) For j=1, ..., J, *j # C2(R&"Y ).
(A.4) | # C3(R&"Y ) and |(k)kn{0 on R&"Y, n=1, ..., &.
Example 3.1. The function |(k)=|k| p on R& with a constant p>0
satisfies (A.4).
For 9 # D(BjI ), we define
mj (9 ) :=(9, (BjI ) 9 )F (3.3)
and, for 9 # Jj=1 D(BjI ),
m(9 ) := :
J
j=1
mj (9 ). (3.4)
Theorem 3.1. Assume (A.1)(A.4). Let *j0, j=1, ..., J, and suppose
that, for some l,
*l
|
 L2(R&). (3.5)
Then
(i) H has no ground states 90 in D(IN 12) such that ml(90)>0
and mj (90)0 for j=1, ..., J; j{l.
(ii) If each Bj ( j=1, ..., J ) is nonnegative and Bl is strictly positive,
then H has no ground states in D(IN12).
Remark 3.1. As is shown in Lemma 4.1, D(H 12)/D(BjI ), j=1, ..., J,
so that, for all 9 # D(H 12), mj (9 ) and m(9 ) are defined.
For a constant K>0, we define
DK :=[k # R& | |(k)K ]. (3.6)
Theorem 3.2. Assume (A.1)(A.4). Suppose that there exists a function
g on DK with a constant K>0 such that, for j=1, ..., J, *j= g on DK and
|
DK
| g(k)| 2
|(k)2
dk=.
Then H has no ground states 90 in D(IN12) such that m(90){0.
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Remark 3.2. Physically the quantities mj (9 ) and m(9 ) may be regarded
as ‘‘order parameters’’ to characterize the absence of ground states or spon-
taneous symmetry breaking of H (cf. [38]).
We introduce
B := :
J
j=1
Bj I (3.7)
with
D(B ) := ,
J
j=1
D(BjI ). (3.8)
We denote by PH the spectral measure of H and define
P0 :=PH([E0(H )]), (3.9)
which is the orthogonal projection onto ker H . We define
M(9 ) :=&P0 B 9&F 0, 9 # D(B ). (3.10)
This quantity also will play a role of an ‘‘order parameter’’ in our formula-
tion on the absence of ground states of H.
Remark 3.3. (i) If H has no ground states (i.e., ker H =[0]), then
M(9 )=0 for all 9 # D(B ).
(ii) Suppose that H has a unique ground state 90 with &90&F =1.
Then,
M(90)=|(90 , B 90)F |,
the absolute value of the ground state expectation value of B .
Theorem 3.3. Under the same assumption as in Theorem 3.2, H has no
ground states 90 such that 90 # [Jj=1 D((IN
12)(BJI ))] _ D(IN 12)
and M(90)>0.
Remark 3.4. Note that M(9 )=0 if and only if B 9 # (ker H )=. Hence,
under the assumption of Theorem 3.3, possible ground states 90 of H are
such that
90  _,
J
j=1
D((IN 12)(Bj I ))&_ D(IN 12)
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or B 90 # (ker H )=. The former case physically corresponds to the situation
where the expectation value of the boson number in the ground state 90
and in some (Bj I ) 90 are infinite.
Remark 3.5. Physically the condition M(9 )>0 or m(9 ){0 may
correspond to the case where a possible spontaneous symmetry breaking
of H is realized (cf. [38]). Hence the above theorems suggest that the
ground states describing such cases, if exist, may be ‘‘out of’’ the Hilbert
space F. We will discuss this aspect in a future work.
Finally we consider a special case.
We say that a symmetric operator T on a Hilbert space X strongly com-
mutes with a self-adjoint operator S on X if eitST/Te itS for all t # R.
Theorem 3.4. Let the same assumption as in Theorem 3.2 be satisfied.
Moreover, suppose that each BJI strongly commutes with H. Then H has
no ground states 90 such that B 90{0.
Remark 3.6. One of the simplest examples to illustrate Theorem 3.4 is
the case where each Bj is a constant multiplication by a constant ;j # R.
Then, putting * :=Jj=1 ; j*j , we have H=HvH :=H0+:I,(*). This is a
model of van Hove type (e.g., [18, p. 17] and references cited there). In this
model, one can show that, if *|  L2(R&) with (A.1), then HvH has no
ground states (e.g., [11]). This is just a special case of Theorem 3.4.
3.2. Absence of Eigenvectors
For each j=1, ..., J, we define an operator
Tj :=
+
2
[A, Bj]I+: :
J
l=1
[Bl , Bj],(*l), (3.11)
where [X, Y ] :=XY&YX. Note that, for all 9, 8 # D(H) & D(Tj),
(H9, Bj I8)F &(BjI9, H8)=(9, Tj8)F . (3.12)
The Heisenberg operator of Tj with respect to the Hamiltonian H is
Tj (t) :=eitHTj e&itH, t # R.
Let
DT := ,
J
j=1
D(Tj), (3.13)
DT,  := ,
t0
,
J
j=1
D(Tj (t)). (3.14)
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We assume the following:
(A.5) The subspace DT is dense in F.
Under this assumption, one can show that, for all 8 # DT,  and 9 # F,
the function t  (Tj (t) 8, 9 )F on R is Lebesgue measurable.
Definition 3.5. We say that a vector 9 # F is in the set T if there
exists a vector 8 # DT,  such that
|

0
|(T j (t) 8, 9 )F | dt<. (3.15)
For such a pair (8, 9) , we define functions T ( j )8, 9 on R, j=1, ..., J, by
T ( j)8, 9(E ) :=|

0
eitE (Tj (t) 8, 9 )F dt, E # R. (3.16)
Remark 3.7. Condition (3.15) is concerned with the decay property of
the correlation functions (Tj (t) 8, 9 )F as t  . For some results on this
aspect, see, e.g., [6, 23].
We remark the following.
Proposition 3.6. Assume (A.1)(A.5). If T=<, then H has no eigen-
vectors in DT .
Proof. Suppose that H had an eigenvector 9 in DT . Then, it is easy to
see that 9 # DT,  and, by (3.12), (Tj (t) 9, 9 )F =0 for all t # R. Hence
9 # T, so that T{<. This contradicts the assumption that T=<. K
In view of Proposition 3.6, as for the absence of eigenvectors of H
in DT , we need to consider only the case T{<.
Remark 3.8. If each Bj I commutes with H, then, by (3.12), Tj=0,
j=1, ..., J. Hence, in this case, T=F.
Definition 3.7. For 9 # T, we define T9 to be the set of all vectors
8 # DT,  with property (3.15).
For 9 # T and 8 # T9 , we define a function S8, 9 on R& by
S8, 9 (k) := :
J
j=1
[((BjI ) 8, 9 )F &iT ( j)8, 9(|(k))]
* j(k)
|(k)
, k # R&. (3.17)
Definition 3.8. (i) We say that a vector 9 # F is in the set E1 if 9 # T
and there exists a vector 8 # T9 & D(IN 12) such that S8, 9  L2(R&).
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(ii) We say that a vector 9 # F is in the set E2 if 9 # T & D(IN 12)
and there exists a vector 8 # T9 such that S8, 9  L2(R&).
Theorem 3.9. Assume (A.1)(A.5). Then H has no eigenvectors in E1 _ E2 .
Theorem 3.10. Assume (A.1)(A.5). Let *j0, j=1, ..., J, and suppose
that, for some l,
*l
|
 L2(R&). (3.18)
Then:
(i) H has no eigenvectors 9 in DT & D(IN12) such that ml(9 )>0
and mj (9 )0 for j=1, ..., J; j{l.
(ii) If each Bj ( j=1, ..., J ) is nonnegative and Bl is strictly positive,
then H has no eigenvectors in DT & D(IN 12).
Theorem 3.11. Assume (A.1)(A.5). Suppose that there exists a function
g on DK with a constant K>0 such that, for j=1, ..., J, *j= g on DK and
|
DK
| g(k)| 2
|(k)2
dk=.
Then H has no eigenvectors 9 in DT & D(IN 12) such that m(9 ){0.
For 9 # T and 8 # T9 , we define M*(8, 9 ) by
M*(8, 9 ) := :
J
j=1
[((BjI ) 8, 9 )F &iT ( j)8, 9(0)]. (3.19)
We shall see that this quantity serves as an ‘‘order parameter’’ to charac-
terize the absence of eigenvectors of H. Let
M1 :=[9 # T | there exists a 8 # T9 & D(IN12) (3.20)
such that M*(8, 9 ){0], (3.21)
M2 :=[9 # T & D(IN12) | there exists a 8 # T9 (3.22)
such that M*(8, 9 ){0]. (3.23)
Theorem 3.12. Under the same assumption as in Theorem 3.11, H has
no eigenvectors in M1 _ M2 .
Theorem 3.13. Let the same assumption as in Theorem 3.11 be satisfied.
Moreover, suppose that DT,  & D(IN12) is dense in F and that each
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BJI strongly commutes with H. Then H has no eigenvectors 9 such that
B 9{0.
4. ASYMPTOTIC ANNIHILATION OPERATORS
As a preliminary to prove the main theorems stated in Section 3, we
show that the strong limits of the operator
at( f )=eitHIa(e&i|tf ) e&itH (4.1)
exist, as t  \, on D(H 12) and for all f in a dense subspace of L2(R&).
The strong limits are called the asymptotic annihilation operators.
Lemma 4.1. Assume (A.1) and (A.2). Then, for all 9 # D(H 12) and
t # R, D(H 12)/D(BjI ) and
&(Bj I ) 9&c1 &H 129&+c2 &9&, j=1, ..., J, (4.2)
where c1 and c2 are constants.
Proof. As is shown in [13], HI is relatively bounded with respect to
H 0 :=A I+Id1(|)0
with relative bound smaller than one. Hence it follows from [34,
Theorem X.18(a)] that HI is relatively form-bounded with respect to H 0
with relative bound smaller than one. This implies that
&H 120 9&d1 &H
129&+d2 &9&, 9 # D(H 12)=D(H 120 ) (4.3)
where d1 and d2 are constants. Assumption (A.2) implies that BjI is
relatively form-bounded with respect to H 0 with relative bound a j . Thus
(4.2) follows. K
Lemma 4.2. Assume (A.1) and (A.2). Then, for all 9 # D(H 12), f #
M&1 & M0 , and t # R,
at( f ) 9=Ia( f ) 9& :
J
j=1
i
:
- 2 |
t
0
( f, eis|*j)L2(R&)
_eisH(Bj I ) e&isH9 ds. (4.4)
Proof. This is similar to the proof of [32, Theorem 4.2]. K
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Lemma 4.3. Assume (A.1)(A.4). Then, for all 9 # D(H 12) and f #
C0 (R
&"Y ), the strong limits
a\( f ) 9 :=s& lim
t  \
at( f ) 9 (4.5)
exist and
a\( f ) 9=Ia( f ) 9& :
J
j=1
i
:
- 2 |
\
0
( f, eit|*j)L2(R&)
_eitH(BjI ) e&itH9 dt, (4.6)
where the integral is taken in the sense of strong topology of F.
Proof. Let 9 # D(H 12) and n :=kn . We have for all s # R"[0]
eis|(k)=&
1
s2
1
n|(k)
n
1
m |(k)
meis|(k),
k=(k1 , ..., k&) # R&"Y, n, m=1, ..., &.
Hence, by integration by parts using (A.3) and (A.4), we have
( f, eis|*j)L2(R&)=&
1
s2 |R& g(k) e
is|(k) dk,
with
g(k) :=m
1
m |(k)
n
1
n|(k)
*j (k) f (k),
where f denotes the complex conjugate of f. Note that g is continuous on
R&"Y and the support of g is included in R&"Y. Hence g is integrable and
we obtain
|( f, eisw*j)L2(R&) |
R& | g(k)| dk
s2
. (4.7)
Hence, by (4.2), we have
|

0 " :
J
j=1
( f, eis|*j)L2(R&) eisH(BjI ) e&isH9"F ds<.
This fact and Lemma 4.2 imply the existence of the strong limits of at( f ) 9
as t  \ and (4.6). K
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Lemma 4.4. Let the same assumption as in Lemma 4.3 be satisfied. Let
9 be an eigenvector of H. then
a\( f ) 9=0 (4.8)
for all f # C 0 (R
&"Y ).
Proof. This is similar to [28, Theorem 2]. K
5. PROPERTIES OF GROUND STATES AND PROOF
OF THE MAIN RESULTS, (I)
We define
Q0 :=I&P0 , (5.1)
which is the orthogonal projection onto the closed subspace
F+ :=(ker H )=. (5.2)
For each E0, the operator H +E can be regarded as an injective
operator from F+ into itself. Hence we can define an operator G(E ) on F+
by
G(E ) :=H (H +E )&1. (5.3)
By using the spectral representation of H , we can show that G(E ) is den-
sely defined, bounded and nonnegative. Hence G(E ) can be uniquely
extended to a bounded linear operator on F+ . We denote the extension by
the same symbol G(E ). It follows
0(8, G(E) 8)F+ &8&
2
F+
, &G(E ) 8&F+&8&F+ , 8 # F+ . (5.4)
Lemma 5.1. Assume (A.1)(A.4). Suppose that H has a ground state 90 .
Then, for all f # C 0 (R
&"Y ),
(Ia( f )) 90 =& :
J
j=1
:
- 2 |R&
f (k) *j (k)
|(k)
_[(BjI ) 90&G(|(k)) Q0(BjI ) 90] dk. (5.5)
Proof. For a Lebesgue integrable function g on R&, we define
( g) :=|
L2(R&)
g(k) dk. (5.6)
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By Lemmas 4.4., 4.3, and e&itH90=e&itE0(H )90 , we have
Ia( f ) 90= :
J
j=1
i
:
- 2 |

0
( f, eit|*j)L2(R&) eitH (Bj I ) 90 dt. (5.7)
Let 9 # D(H ). Then
(9, (Ia( f )) 90)F
= :
J
j=1
i
:
- 2 |

0
( f, eit|*j)L2(R&)(e&itH 9, (BjI ) 90)F dt.
In the same way as in the proof of (4.7), we can show that
}e
is|f *j
| }
D
|s|2
, s # R"[0],
with a positive constant D, which implies that
lim
s   
eis|f *j
| =0.
Hence, by integration by parts, we have
(9, (Ia( f )) 90)F
= :
J
j=1
:
- 2 |

0 {
d
dt 
e it|f *j
| = (e&itH 9, (Bj I ) 90)F dt
=& :
J
j=1
:
- 2 
f *j
|  (9, (BjI ) 90)F
& :
J
j=1
:
- 2 |

0 
eit|f *j
| {
d
dt
(e&itH 9, (BjI ) 90)F= dt
=& :
J
j=1
:
- | {
f *j
|  (9, (BjI ) 90)F +R j (9 )= ,
where
Rj (9 ) :=i |

0 
eit|f * j
|  (H e&itH 9, (BjI ) 90) F dt.
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To compute Rj (9 ), we note that
Rj (9 )=i lim
= a 0 |

0
dt e&t= |
R&
dk
eit|(k) f (k) *j (k)
|(k)
(H e&itH 9, (BjI ) 90)F .
(5.8)
We have
} e&t= e
it|(k) f (k) *j (k)
|(k)
(H e&itH 9, (BjI ) 90)F }
e&t=
| f (k)| |*j (k)|
|(k)
&H 9&F &(B jI ) 90&F .
The iterated integral  dt  dk of the function on the right hand side is finite.
Hence we can apply the Fubini theorem to interchange the integrals  dt
and  dk in (5.8), and obtain
Rj (9 )=i lim
= a 0 |R& dk
f (k) *j (k)
|(k) |

0
dt e&t=eit|(k)(H e&itH 9, (Bj I ) 90)F .
It is easy to see that
|

0
dt e&t=e&it|(k)e&itH =(&i)(H +|(k)&i=)&1
in the topology of operator norm. Hence,
Rj (9 )= &lim
= a 0 |R& dk
f (k) *j (k)
|(k)
(9, (H +|(k)+i=)&1 H Q0(Bj I ) 90)F ,
where we have used the fact that H Q08=H 8 for all 8 # D(H ). We have
} f (k) *j (k)|(k) (9, (H +|(k)+i=)&1 H Q0(BjI ) 90)F }

| f (k)| |*j (k)|
|(k)
&9&F &(H +|(k)+i=)&1 H Q0(BjI ) 90&F

| f (k)| |*j (k)|
|(k)
&9&F &Q0(BjI ) 90&F
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and
lim
= a 0
f (k) *j (k)
|(k)
(9, (H +|(k)+i=)&1 H Q0(BjI ) 90)F
=
f (k) *j (k)
|(k)
(9, G(|(k)) Q0(BjI ) 90)F .
Hence, by the Lebesgue dominated convergence, we obtain
Rj (9 )=&|
R&
dk
f (k)* j (k)
|(k)
(9, G(|(k)) Q0(BjI) 90)F .
Thus (5.5) follows. K
For each 8 # F and 9 # D(B ), we define a function F8, 9 on R& by
F8, 9 (k) := :
J
j=1
[(8, (BjI ) 9 )F &(8, G(|(k)) Q0(BjI ) 9 )F ]
* j(k)
|(k)
,
k # R&. (5.9)
Lemma 5.2. Assume (A.1)(A.4). Suppose that H has a ground state 90 .
Then the following hold.
(i) For all 9 # D(IN12),
F9, 90 # L
2(R&). (5.10)
(ii) If 90 # D(IN 12), then, for all 9 # F, (5.10) holds.
Proof. It is well known (e.g., [34, Sect. X.7]) that, for all f # L2(R&),
&a( f ) &Fb & f &L2(R&) & &N
12&Fb , (5.11)
&a( f )* &Fb& f &L2(R&) & &(N+I )
12 &Fb ,  # D(N
12). (5.12)
(i) Let f # C 0 (R
&"Y ) and 9 # D(IN12). Then
|(9, (Ia( f )) 90)F |=|((Ia( f )*) 9, 90)F |
&I (N+I )12 9&F &90&F & f &L2(R&) .
Since C 0 (R
&"Y ) is dense in L2(R&), it follows from the Riesz lemma that
there exists a vector F # L2(R&) such that
(9, (Ia(g)) 90)F =(g, F )L2(R&) , g # L2(R&).
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On the other hand, we have by Lemma 5.1
(9, (Ia( f )) 90)F =&
:
- 2
( f F9, 90 ) . (5.13)
Hence it follows that F=&:F9, 90 - 2. Thus (5.10) follows.
(ii) In this case we need only to note that, for all 9 # F,
|(9, (Ia( f )) 90)F |&IN1290&F &9&F & f &L2(R&) .
Then the same argument as in part (i) gives (5.10). K
Remark 5.1. Assume (A.1)(A.4) and let 90 be a ground state of H
such that 90 # D(IN12). Then (90 , G(|(k)) Q0BjI90)F =0, since
the range of G(|(k)) is included in F+ . Hence, by Lemma 5.2(ii), we have
:
J
j=1
(90 , (B jI ) 90)F
*j
|
# L2(R&). (5.14)
On the other hand, this condition can be directly derived. Indeed, we have
(H90 , (Ia( f|)) 90)F &((Ia( f|)*) 90 , H90)F =0, f # M&2 .
(5.15)
Computing the left hand side directly, we obtain
(90 , (Ia( f )) 90)F =& :
J
j=1
:
- 2
(90 , (Bj I ) 90)  f
 *j
| , f # M&2 .
From this equation and the Riesz lemma, we obtain (5.14). Thus condi-
tion (5.10) may be regarded as a generalization of condition (5.14).
Proof of Theorem 3.1. (i) Suppose that H had a ground state 90 in
D(IN12) such that ml(90)>0 with m j (90)0 for j=1, ..., J; j{l.
Then we have (90 , G(|( } )) Q0(BjI ) 90)=0 (Remark 5.1). Hence
F9 0, 9 0= :
J
j=1
mj (90)
*j
|
ml(90)
*l
|
.
By the assumption, ml(90) *l |  L2(R&). Hence F90 , 90  L
2(R&). But this
contradicts Lemma 5.2(i).
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(ii) Suppose that H had a ground state 90 in D(IN12). By the
assumption on Bj , mj (90)0, j=1, ..., J and there exists a constant $>0
such that ml(90)$ &90&2>0. But this contradicts part (i). K
Proof of Theorem 3.2. Suppose that H had a ground state 90 in
D(IN12) such that m(90){0. For all k # DK , we have F90 , 90=
m(90) g|. Hence F90 , 90  L
2(R&), which contradicts Lemma 5.2(i). K
Remark 5.2. As is seen, Theorems 3.1 and 3.2 can be derived directly
from the fact stated in Remark 5.1.
Proof of Theorem 3.3. Suppose that H had a ground state 90 in
[Jj=1 D((IN
12)(IBj))] _ D(IN12) with M(90)>0. Put
8B := :
J
j=1
(Bj I ) 90 .
Then, applying Lemma 5.2 with 9=8B , we have F8B , 90 # L
2(R&). For all
k # Dk , we have
F8B , 90(k)=[(8B , 8B)F &(Q08B , G(|(k)) Q0 8B)F ]
g
|
.
We note that
(8B , 8B)F &(Q08B , G(|(k)) Q0 8B)F (8B , 8B)F &(8B , Q0 8B)F
=(8B , P08B)F =M(90)2.
Hence
|F8B , 90(k)|M(90)
2 | g(k)|
|(k)
, k # DK ,
which implies that F8B , 90  L
2(R&). This is a contradiction. K
Proof of Theorem 3.4. Suppose that H had a ground state 90 such that
80 :=B 90{0. The strong commutativity of Bj with H implies that
(BjI) 90 # ker H . Hence Q0(BjI ) 90=0. Hence, for all 9 # F,
F9, 90(k)=(9, 80)F g(k)|(k), k # DK . Since 80{0 and D(IN
12) is
dense in F, there exists a vector 5 # D(IN12) such that (5, 80)F {0.
Then we have F5, 90  L
2(R&). But this contradicts Lemma 5.2(i). K
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6. PROOF OF THE MAIN RESULTS, II
In this section we prove Theorems 3.93.13.
Lemma 6.1. Assume (A.1)(A.5). Suppose that H has an eigenvector 9
in T. Then, for all 8 # T9 and f # C 0 (R
&"Y ),
(8, (Ia( f )) 9 )F =&
:
- 2 |R& f (k) S8, 9 (k) dk. (6.1)
Proof. Let 8 # T9 and f # C 0 (R
&"Y ). Let H9=E9 with EE0(H )
and HE :=H&E. In the same way as in the proof of Lemma 5.1, we have
Ia( f ) 9= :
J
j=1
i
:
- 2 |

0
( f, eit|* j)L2(R&) eitHE (BjI ) 9 dt (6.2)
and we can show that
(8, (Ia( f )) 9 )F =& :
J
j=1
:
- 2 {
f *j
|  (8, (BjI ) 9 )F +Lj = ,
where
Lj :=i |

0 
e it|f *j
|  (HEe itHE8, (Bj I ) 9 )F dt.
Using that HE9=0, we have
(HEe&itHE8, (BjI ) 9 )F =&(T j (t) 8, 9 )F .
Hence
Lj=&i |

0 
eit|f * j
|  (Tj (t) 8, 9 )F .
Since
} e
it|(k) f (k) *j (k)
|(k)
(T j (t) 8, 9 )F }| f (k)| |*j (k)||(k) |(Tj (t) 8, 9)F |
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and the iterated integral of the right hand side with  dt  is finite, we can
apply the Fubini theorem to obtain
Li=&i |
R&
dk
eit|(k) f (k) *j (k)
|(k)
T ( j)8, 9(|(k)).
Thus (6.1) follows. K
Lemma 6.2. Assume (A.1)(A.5). Suppose that H has an eigenvector 9
in T. Then the following hold.
(i) For all 8 # T9 & D(IN12), S8, 9 # L2(R&).
(ii) If 9 # D(IN12), then, for all 8 # T9 , S8, 9 # L2(R&).
Proof. This is similar to the proof of Lemma 5.2 (use Lemma 6.1). K
Proof of Theorem 3.9. Suppose that H had an eigenvector 9 in E1 _ E2 .
Let 9 # E1 . Then 9 # T and there exists a vector 8 # T9 & D(IN 12)
such that S8, 9  L2(R&). But this contradicts Lemma 6.2(i). Similarly, if
9 # E2 , then this leads to a contradiction with Lemma 6.2(ii). Thus the
desired assertion follows. K
Proof of Theorem 3.10. (i) Suppose that H had an eigenvector 9 in
DT & D(IN 12) such that ml(9 )>0 with mj (9 )0 for j=1, ..., J; j{l.
then 9 # DT and (Tj (t) 9, 9 )=0. Hence 9 # T and 9 # T9 with
S9 , 9(k)= :
J
j=1
mj (9 )
* j
|
ml(9 )
*l
|
.
Bu the assumption, ml(9 ) *l |  L2(R&). Hence S9, 9  L2(R&). Hence
9 # E1 . This contradicts Theorems 3.9. Thus the desired assertion follows.
(ii) Suppose that H had an eigenvector 9 in DT & D(IN12). By
the assumption on Bj , mj (9 )0, j=1, ..., J, and there exists a constant
$>0 such that ml(9 )$ &9&2F >0. But this contradicts part (i). K
Proof of Theorem 3.11. Suppose that H had an eigenvector 9 in
DT & D(IN 12) with m(9 ){0. In the same way as in the proof of
Theorem 3.10, we have S9, 9=m(9 ) g| on DK . Hence S9, 9  L2(R&).
Hence 9 # E1 . But this contradicts Theorem 3.9. K
Proof of Theorem 3.12. Suppose that H had an eigenvector 9 in
M1 _ M2 . Consider the case 9 # M1 first. Then there exists a vector
8 # T9 & D(IN12) such that M*(8, 9 ){0. Let k # DK . Then
|S8, 9 (k)|=|L(|(k))| } g(k)|(k) },
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where
L(E ) := :
J
j=1
[(8, (BjI ) 9 )F &T ( j)8, 9(E )], E # R.
It is easy to see that T ( j)8, 9 is continuous on R. Hence, for every =>0, there
exists a constant K= such that, for all k # DK= ,
|T ( j)8, 9(|(k))&T
( j)
8, 9(0)|<=, j=1, ..., J.
We have L(0)=M*(8, 9 ){0. Take =>0 as |L(0)|(M+1)>=. Then, by
the triangle inequality, we have for all k # DK=
|L(|(k))||L(0)|&|L(|(k))&L(0)|
|L(0)|&M=
>=.
Hence
|S8, 9 (k)|= } g(k)|(k) } , k # Dk= ,
which implies S8, 9  L2(R&). But this contradicts Lemma 6.2(i). Thus H
has no eigenvectors in M1 . Similarly we can show that H has no eigenvec-
tors in M2 . K
Proof of Theorem 3.13. Suppose that H had an eigenvector 9 in T
with H9=E9 (EE0(H )) such that B 9{0. By the strong com-
mutativity of Bj with H, we have (Bj I ) 9 # ker HE . It follows that, for all
5 # DT,  , (Tj (t) 5, 9 )F =0. Hence S5, 9=Jj=1 (5, (BjI ) 9 ) *j |. In
particular, S5, 9=(5, B 9 ) g| on DK . Since B 9{0 and DT,  &
D(IN12) is dense, there exists a vector 50 in DT,  & D(IN12) such
that (50 , B 9 )F {0. Hence S50 , 9  L
2(R&). But this contradicts Lemma
6.2(ii). K
7. EXAMPLES
In this section, we discuss what the preceding general results imply about
concrete models.
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7.1. The Spin-Boson Model
Let
_1=\01
1
0+ , _2=\
0
i
&i
0 + , _3=\
1
0
0
&1+ ,
the Pauli matrices. The Hamiltonian HSB of the spin-boson model is
defined by putting H=C2, A=_1 , J=1, B1=_3 , and *1=* in H:
HSB :=
+
2
_1I+Id1(|^)+:_3,(*),
FSB :=C2 Fb .
In this model Assumption (A.2) is trivially satisfied with : # R"[0]
arbitrary.
In what follows, we simply write as SI=S (resp. IS$=S$) with an
operator S (resp. S$) on C2 (resp. Fb) and ( } , } )FSB=( } , } ).
We assume the following.
(SB) Assumptions (A1), (A.3) with J=1 and *1=*, and (A.4) hold.
Theorem 3.2 immediately gives the following.
Theorem 7.1. Suppose that *|  L2(R&). Then HSB has no ground
states 90 in D(N12) such that (90 , _3 90){0.
Remark 7.1. This result is already obtained by Spohn by a different
method [37, 38] (cf. also [40]).
We denote by P (SB)0 the orthogonal projection onto ker H SB . Theorem 3.3
yields the following.
Theorem 7.2. Suppose that *|  L2(R&). HSB has no ground states 90
in D(N12) such that (90 , _3P (SB)0 _390){0.
We next consider implications of Theorems in Subsection 3.2. Using the
relations
_3_1=&_1_3=i_2 ,
we have
T1=&i+_2
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with D(T1)=D(,(*)). Hence (A.5) is satisfied. Theorem 3.11 implies the
following.
Theorem 7.3. Suppose that *|  L2(R&). HSB has no eigenvectors 9 in
D(N12) & D(,(*)) such that (9, _39 ){0.
Let
_j (t) :=eitHSB _ je&itHSB, j=1, 2, 3,
and
Rj (t; 9 ) :=(9, _j_2(t) 9 ). (7.1)
We introduce subsets of FSB : We say that 9 # FSB is in the set S ( j)SB if
|

0
|Rj (t; 9 )| dt<.
For 9 # S ( j)SB , we define
/j (9 ) :=(9, _j_39 )++ |

0
Rj (t; 9 ) dt. (7.2)
Explicitly we have
/1(9 ) := &i(9, _29 )++ |

0
R1(t; 9 ) dt, (7.3)
/2(9 ) :=i(9, _1 9 )++ |

0
R2(t; 9 ) dt, (7.4)
/3(9 ) :=&9&2++ |

0
R3(t; 9 ) dt. (7.5)
Theorem 7.4. Suppose that *|  L2(R&). Then, for each j=1, 2, 3, HSB
has no eigenvectors 9 in S ( j)SB & D(N
12) such that / j(9 ){0.
Proof. Suppose that HSB had an eigenvector 9 in S ( j)SB & D(N
12) such
that /j (9 ){0. Then 9 # T & D(N12) and _j9 # T9 . Note that, in the
present case, M*(_j 8, 9 )=/j (9 ). Hence 9 # M2 . This contradicts
Theorem 3.12. K
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Corollary 7.5. Suppose that |(k)tc |k| p as |k|  0 with some con-
stants c, p>0. Let * be of the form
*=
\
|r
# M&1 & M0
with a constant r>0 such that 2p(r+1)>&&1, where \ is a continuous
function on R& such that \{0 on DK for some K>0. Then, for each
j=1, 2, 3, H has no eigenvectors 9 in S ( j)SB & D(IN 12) such that
/j (9 ){0.
Proof. It is easy to see that, under the assumption for *, *|  L2(R&).
Hence Theorem 7.4 gives the desired assertion. K
7.2. A Model of Quantum Particles Interacting with a Massless Quantum
Scalar Field
Consider the case where H=L2(R&N) (N1). We denote a point x in
R&N as x=(x1 , ..., xN) with xn=(xn1 , ..., xn&) # R&, n=1, ..., N. Let 2xn be
the generalized Laplacian on L2(R&N) in the variable xn and take
+
2
A =} HP :=& :
N
n=1
2xn
2Mn
+V,
where Mn>0 is a constant and V is a real-valued measurable function on
R&N such that HP is self-adjoint on D(HP) :=[Nn=1 D(2xn)] & D(V ) and
bounded from below. Let *nj # M0 & M&1 , j=1, ..., J, n=1, ..., N, and
HPB :=HPI+Id1(|^)+: :
N
n=1
:
N
j=1
xnj ,(*nj).
Assume that there exist constants b0, c>0 such that
V(x)+bc |x|2, x # R&N.
Then it is easy to see that (A.2) is satisfies with Bj and *j replaced by xnj
and *nj , respectively. Hence, for all |:|<c0 with some constant c0>0,
HPB is self-adjoint and bounded from below [13, Proposition 1.1]. Note
that, in this model, the operator Tj defined by (3.11) takes the form
Tnj :=& :
N
n=1
1
2Mn
[2xn , xnj]=&i
pnj
Mn
,
where pnj :=&iDxnj , the generalized partial differential operator in the
variable xnj . Thus, in this model, conditions on the absence of ground states
or eigenvectors are given in terms of expectation values of the position
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operators xnj and the momentum operators pnj (t)=eitHPBpnje&itHPB, t # R,
j=1, ..., J, n=1, ..., N. As in the spin-boson model, we can write down
theorems on the absence of ground states or eigenvectors of HPB by trans-
lating the general main theorems states in Section 3 into the present
context. But we omit doing it.
Remark 7.2. As mentioned in Section 1, for some classes of potentials V,
HPB without infrared cutoff may have a ground state 90 . For example,
models discussed in [2, 8, 10]. In these models, however, (90 , xnj90)=0
and 90 # D(IN12), which are compatible with the general theorems in
Section 3.
7.3. The PauliFierz Model with the Dipole Approximation and without the
A2 Term
We carry over the notation in the preceding example. We consider
a model whose Hamiltonian is given by
HPF :=HPI+Id1(|^)+: :
N
n=1
:
J
j=1
pnj,(*nj).
This is a simplified version of the PauliFierz model in nonrelativistic
quantum electrodynamics [33] (cf. also [7, 14, 15]). It is easy to see that
(A.2) is satisfied with Bj and *j replaced by pnj and *nj respectively. Hence,
for all |:|<d0 with some constant d0>0, HPF is self-adjoint and bounded
from below [13, Proposition 1.1]. Assume that V is a distribution such
that Vnj :=Dxnj V # L
2
loc(R
&N). Then the operator Tj defined by (3.11) takes
the form
Tnj :=[V, pnj]=iVnj .
Thus, in this model, conditions on the absence of ground states or eigenvec-
tors are given in terms of expectation values of the momentum operators pnj
and the operators eitHPFVnje&itHPF=Vnj (x(t)), t # R, j=1, ..., J, n=1, ..., N,
where x(t) :=(x1(t), ..., xN(t)), xnj (t) :=eitHPF xnje&itHPF. We omit to write
down theorems on the absence of ground states or eigenvectors of HPF .
Remark 7.3. A remark similar to Remark 7.2 can be made on the
present model too (cf. [10]).
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